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ESCAPING FATOU COMPONENTS OF TRANSCENDENTAL
SELF-MAPS OF THE PUNCTURED PLANE
DAVID MARTÍ-PETE
Abstract. We study the iteration of transcendental self-maps of C∗ := C\{0},
that is, holomorphic functions f : C∗ → C∗ for which both zero and infinity are
essential singularities. We use approximation theory to construct functions in
this class with escaping Fatou components, both wandering domains and Baker
domains, that accumulate to {0,∞} in any possible way under iteration. We
also give the first explicit examples of transcendental self-maps of C∗ with Baker
domains and with wandering domains. In doing so, we developed a sufficient
condition for a function to have a simply connected escaping wandering domain.
Finally, we remark that our results also provide new examples of entire functions
with escaping Fatou components.
1. Introduction
Complex dynamics concerns the iteration of a holomorphic function on a Rie-
mann surface S. Given a point z ∈ S, we consider the sequence given by its
iterates fn(z) = (f ◦ n· · · ◦f)(z) and study the possible behaviours as n tends to
infinity. We partition S into the Fatou set, or stable set,
F (f) :=
{
z ∈ S : (fn)n∈N is a normal family in some neighbourhood of z
}
and the Julia set J(f) := S \ F (f), where the chaotic behaviour takes place. We
refer to a connected component of F (f) as a Fatou component of f . If S ⊆ Cˆ,
f : S → S is holomorphic and Cˆ \ S consists of essential singularities, then
conjugating by a Möbius transformation, we can reduce to one of the following
three cases:
• S = Cˆ := C ∪ {∞} and f is a rational map;
• S = C and f is a transcendental entire function;
• S = C∗ := C \ {0} and both zero and infinity are essential singularities.
We study this third class of maps, which we call transcendental self-maps of C∗.
Such maps are all of the form
f(z) = zn exp
(
g(z) + h(1/z)
)
, (1.1)
where n ∈ Z and g, h are non-constant entire functions. We define the index of f ,
denoted by ind(f), as the index (or winding number) of f(γ) with respect to the
origin for any positively oriented simple closed curve γ around the origin; note that
ind(f) = n in (1.1). Transcendental self-maps of C∗ arise in a natural way in many
situations, for example, when you complexify circle maps, like the so-called Arnol’d
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2 D. MARTÍ-PETE
standard family: fα,β(z) = zeiαeβ(z−1/z)/2, 0 6 α 6 2pi, β > 0 [Fag99]. Note that if
f has three or more omitted points, then, by Picard’s theorem, f is constant and,
consequently, a non-constant holomorphic function f : C∗ → C∗ has no omitted
values. The book [Mil06] is a basic reference on the iteration of holomorphic
functions in one complex variable. See [Ber93] for a survey on transcendental entire
and meromorphic functions. Although the iteration of transcendental (entire)
functions dates back to the times of Fatou [Fat26], Rådström [Råd53] was the first
to consider the iteration of transcendental self-maps of C∗. An extensive list of
references on this topic can be found in [Mar16b].
We recall the definition of the escaping set of an entire function f ,
I(f) := {z ∈ C : fn(z)→∞ as n→∞},
whose investigation has provided important insight into the Julia set of entire
functions. For polynomials, the escaping set consists of the basin of attraction of
infinity and its boundary equals the Julia set. For transcendental entire functions,
Eremenko showed that I(f) ∩ J(f) 6= ∅, J(f) = ∂I(f) and the components of
I(f) are all unbounded [Ere89]. If f is a transcendental self-map of C∗, then the
escaping set of f is given by
I(f) := {z ∈ C∗ : ω(z, f) ⊆ {0,∞}},
where ω(z, f) is the classical omega-limit set ω(z, f) :=
⋂
n∈N {fk(z) : k > n}
with the closure being taken in Cˆ. In [Mar16a], we studied the basic properties
of I(f) for transcendental self-maps of C∗ and introduced the following notion.
We define the essential itinerary of a point z ∈ I(f) as the symbol sequence
e = (en) ∈ {0,∞}N0 given by
en :=
{
0, if |fn(z)| 6 1,
∞, if |fn(z)| > 1,
for all n ∈ N0. Then, for each sequence e ∈ {0,∞}N0 , we consider the set of points
whose essential itinerary is eventually a shift of e, that is,
Ie(f) := {z ∈ I(f) : ∃`, k ∈ N0, ∀n ∈ N0, |fn+`(z)| > 1⇔ en+k =∞}.
Observe that if e1, e2 ∈ {0,∞}N0 satisfy σm(e1) = σn(e2) for some m,n ∈ N0,
where σ is the Bernoulli shift map (we say that e1 and e2 are equivalent), then
Ie1(f) = Ie2(f) and, otherwise, the sets Ie1(f) and Ie2(f) are disjoint. Hence, the
concept of essential itinerary provides a partition of I(f) into uncountably many
non-empty sets of the form Ie(f) for some e ∈ {0,∞}N0 . In [Mar16a], we also
showed that, for each e ∈ {0,∞}N0 , we have Ie(f) ∩ J(f) 6= ∅, J(f) = ∂Ie(f) and
the components of Ie(f) are all unbounded in C∗, that is, their closure in Cˆ contains
zero or infinity. We say that U is an escaping Fatou component of f if U is a
component of F (f) ∩ I(f).
As usual, the set of singularities of the inverse function, sing(f−1), which consists
of the critical values and the finite asymptotic values of f , plays an important role
in the dynamics of f . In [FM17] we studied the class
B∗ := {f transcendental self-map of C∗ : sing(f−1) is bounded away from 0,∞},
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which is the analogue of the Eremenko-Lyubich class B considered in [EL92]. We
proved that if f ∈ B∗, then I(f) ⊆ J(f) or, in other words, functions in the
class B∗ have no escaping Fatou components.
In this paper, we are concerned with transcendental self-maps of C∗ that have
escaping Fatou components. By normality, if U is a Fatou component of a tran-
scendental self-map f of C∗ and U ∩ I(f) 6= ∅, then U ⊆ I(f). Moreover, note
that every pair of points in an escaping Fatou component U have, eventually, the
same essential itinerary, and hence we can associate an essential itinerary to U ,
which is unique up to equivalence. We mentioned before that Ie(f)∩ J(f) 6= ∅ for
each sequence e ∈ {0,∞}N0 (see [Mar16a, Theorem 1.1]). Therefore it is a natural
question whether for each e ∈ {0,∞}N0 , there exists a transcendental self-map
of C∗ with a Fatou component in Ie(f).
For both transcendental entire functions and transcendental self-maps of C∗,
escaping Fatou components can be classified in the following two kinds: let U be
a Fatou component of f and denote by Un, n ∈ N, the Fatou component of f that
contains fn(U), then we say that
• U is a wandering domain if Um ∩Un = ∅ for all m,n ∈ N such that m 6= n,
• U is a Baker domain (or a preimage of it) if U ⊆ I(f) and U is (pre)periodic,
that is, Up+m = Um for some p ∈ N, the period of U , and m = 0 (m > 0).
Note that not all wandering domains are in I(f). For instance, Bishop [Bis15,
Theorem 17.1] constructed an entire function in the class B with a wandering
domain whose orbit is unbounded but it does not escape.
The first example of a transcendental entire function with a wandering domain
was given by Baker [Bak63,Bak76] and was an infinite product that had a sequence
of multiply connected Fatou components escaping to infinity; see [BRS13] for a
detailed study of the properties of such functions. For holomorphic self-maps
of C∗, Baker [Bak87] showed that all Fatou components, except possibly one, are
simply connected, and hence this kind of wandering domains cannot occur. Further
examples of simply connected wandering domains of entire functions are due, for
example, to Herman [Bak84, Example 2] or Baker [Bak84, Example 5.3].
Baker [Bak87] also constructed the first holomorphic self-map of C∗ (which is
entire) with a wandering domain that escapes to infinity. The first examples
of transcendental self-maps of C∗ with a wandering domain are due to Kotus
[Kot90], where the wandering domain accumulates to zero, infinity or both of
them. In the same paper, Kotus also constructed an example with an infinite
limit set (by adapting the techniques from [EL92]). Mukhamedshin [Muk91] used
quasiconformal surgery to create a transcendental self-map of C∗ with a Herman
ring and two wandering domains, one escaping to zero and the other one to infinity.
Finally, Baker and Domínguez [BD98, Theorem 6] gave an example of a doubly
connected wandering domain that is relatively compact in C∗ and all of whose
images are simply connected and escape to infinity.
In our notation, all the previous examples of wandering domains of transcen-
dental self-maps of C∗ had essential itinerary e ∈ {∞, 0,∞0}, where e1e2 . . . ep
denotes the p-periodic sequence that repeats e1e2 . . . ep. The following result pro-
vides examples of transcendental self-maps of C∗ that have a wandering domain
with any prescribed essential itinerary e ∈ {0,∞}N0 .
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Theorem 1.1. For each sequence e ∈ {0,∞}N0 and n ∈ Z, there exists a trans-
cendental self-map f of C∗ such that ind(f) = n and the set Ie(f) contains a
wandering domain.
Observe that, in particular, in Theorem 1.1 we obtain functions with wandering
domains whose essential itinerary is not necessarily a periodic sequence.
The other type of escaping Fatou component is a Baker domain. The first
example of a transcendental entire function with a Baker domain was already
given by Fatou [Fat26]: f(z) = z + 1 + e−z. See [Rip08] for a survey on Baker
domains.
A result of Cowen [Cow81] on holomorphic self-maps of D whose Denjoy-Woff
point lies on ∂D led to the following classification of Baker domains by Fagella
and Henriksen [FH06], where U/f is the Riemann surface obtained by identifying
points of U that belong to the same orbit under f :
• a Baker domain U is hyperbolic if U/f is conformally equivalent to {z ∈ C :
−s < Im z < s}/Z for some s > 0;
• a Baker domain U is simply parabolic if U/f is conformally equivalent to
{z ∈ C : Im z > 0}/Z;
• a Baker domain U is doubly parabolic if U/f is conformally equivalent to
C/Z.
Note that this classification does not require f to be entire and is valid also for
Baker domains of transcendental self-maps of C∗. König [Kön99] provided a geo-
metric characterisation for each of these types (see Lemma 3.2). It is known that
if U is a doubly parabolic Baker domain, then f|U is not univalent, but if U is
a hyperbolic or simply parabolic Baker domain, then f|U can be either univalent
or multivalent. Several examples of each type had been constructed and recently
Bergweiler and Zheng completed the table of examples by constructing a transcen-
dental entire function with a simply parabolic Baker domain in which the function
is not univalent [BZ12, Theorem 1.1].
The only previous examples of Baker domains of transcendental self-maps of C∗
that the author is aware of are due to Kotus [Kot90]. She used approximation
theory to construct two functions with invariant hyperbolic Baker domains whose
points escape to zero and to infinity respectively. The following theorem pro-
vides functions with Baker domains that have any periodic essential itinerary
e ∈ {0,∞}N0 and, in particular, Baker domains whose points accumulate to both
zero and infinity.
Theorem 1.2. For each periodic sequence e ∈ {0,∞}N0 and n ∈ Z, there exists
a transcendental self-map f of C∗ such that ind(f) = n and Ie(f) contains a
hyperbolic Baker domain.
Remark 1.3. We observe that our method can be modified to produce doubly
parabolic Bakers domains as well. However, the construction of simply parabolic
Baker domains using approximation theory seems more difficult.
We also give the first explicit examples of transcendental self-maps of C∗ with
wandering domains and Baker domains. They all have the property that in a
neighbourhood of infinity they behave like known examples of transcendental entire
functions with wandering domains and Baker domains.
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Example 1.4. The following transcendental self-maps of C∗ have escaping Fatou
components:
(i) The function f(z) = z exp
(
sin z
z
+ 2pi
z
)
has a bounded wandering domain
that escapes to infinity (see Example 2.1).
(ii) The function f(z) = 2z exp
(
exp(−z) + 1/z) has an invariant hyperbolic
Baker domain that contains a right half-plane and whose points escape to
infinity (see Example 3.3).
(iii) The function f(z) = z exp ((e−z + 1)/z) has an invariant doubly parabolic
Baker domain that contains a right half-plane and whose point escape to
infinity (see Example 3.4).
It seems hard to find explicit examples of functions with Baker domains and
wandering domains with any given essential itinerary, but it would be interest-
ing to have a concrete example of a function with an escaping Fatou component
that accumulates to both zero and infinity. It also seems difficult to find explicit
examples of functions with simply parabolic Baker domains.
We remark that in order to show that the function from Example 1.4 (i) has a
simply connected escaping wandering domain we introduced a new criterion (see
Lemma 2.2) which is of more general interest.
Let f be a transcendental self-map of C∗, then there exists a transcendental
entire function f˜ such that exp ◦ f˜ = f ◦ exp; we call f˜ a lift of f . If the function
f has a wandering domain, then f˜ has a wandering domain, while if f has a Baker
domain, then f˜ has either a Baker domain (of the same type) or a wandering
domain; see Lemmas 2.4 and 3.5.
It is important that in both Theorems 1.1 and 1.2 we can choose the index of the
function since, for example, if ind(f) 6= 1, then f does not have Herman rings. In
[Mar] the author compares the escaping set of f with that of a lift f˜ of f according
to ind(f).
Finally, observe that our constructions using approximation theory can also
produce holomorphic self-maps of C∗ of the form f(z) = zn exp(g(z)), with n ∈ Z
and g a non-constant entire function. In particular, they can provide new examples
of transcendental entire functions with no zeros in C∗ that have wandering domains
and Baker domains.
Structure of the paper. In Sections 2 and 3 we prove that the functions from
Example 1.4 have the properties that we state. In Section 4 we introduce the
tools from approximation theory that we will use in Sections 5 and 6 to construct
functions with escaping wandering domains and Baker domains respectively. The-
orem 1.1 is proved in Section 5 and Theorem 1.2 is proved in Section 6.
Notation. In this paper N0 = N ∪ {0} = {0, 1, 2, . . .} and, for z0 ∈ C and r > 0,
we define
D(z0, r) := {z ∈ C : |z − z0| < r}, Hr := {z ∈ C : Re z > r}.
Acknowledgments. The author would like to thank his supervisors Phil Rippon
and Gwyneth Stallard for their support and guidance in the preparation of this
paper.
6 D. MARTÍ-PETE
2. Explicit functions with wandering domains
As mentioned in the introduction, the author is not aware of any previous explicit
examples of transcendental self-maps of C∗ with wandering domains or Baker
domains as all such functions were constructed using approximation theory.
Kotus [Kot90] showed that transcendental self-maps of C∗ can have escaping
wandering domains by constructing examples of such functions using approxima-
tion theory. Here we give an explicit example of such a function by modifying a
transcendental entire function that has a wandering domain.
Example 2.1. The function f(z) = z exp
(
sin z
z
+ 2pi
z
)
is a transcendental self-map
of C∗ which has a bounded simply connected wandering domain that escapes to
infinity (see Figure 1).
Figure 1. Phase space of the function f(z) = z exp
(
sin z
z
+ 2pi
z
)
from Example 2.1 which has a wandering domain. On the right, the
wandering domain for large values of Re z.
Baker [Bak84, Example 5.3] (see also [RS08, Example 2]) studied the dynamics
of the transcendental entire function f1(z) = z + sin z + 2pi that has a wandering
domain containing the point z = pi that escapes to infinity. Observe that the
function f from Example 2.1 satisfies that
f(z) = z + sin z + 2pi + o(1) as Re z → +∞ (2.1)
in a horizontal band defined by |Im z| < K for some K > 0.
We first prove a general result which gives a sufficient condition that implies that
a function has a bounded wandering domain (see Figure 2) using some of the ideas
from [RS08, Lemma 7(c)]. Given a doubly connected open set A ⊆ C, we define
the inner boundary, ∂inA, and the outer boundary, ∂outA, of A to be the boundary
of the bounded and unbounded complementary components of A respectively.
Lemma 2.2. Let f be a function that is holomorphic on C∗, let M be an affine
map, let A be a doubly connected closed set in C∗ with bounded complementary
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component B, and let C ⊆ B be compact. Put
An := M
n(A), Bn := M
n(B) and Cn := Mn(C) for n ∈ N0,
and suppose that
• An ∪Bn ⊆ C∗ for n ∈ N0,
• the sets {Bn}n∈N0 are pairwise disjoint,
• f(∂inAn) ⊆ Cn+1 for n ∈ N0,
• f(∂outAn) ⊆ C∗ \ (An+1 ∪Bn+1) for n ∈ N0.
Then f has bounded simply connected wandering domains {Un}n∈N0 such that
∂inAn ⊆ Un and ∂Un ⊆ An for n ∈ N0.
f
f
f
f
MM
A0 A1 A2
C0 C1 C2
B0 B1 B2
Figure 2. Sketch of the construction in Lemma 2.2.
In order to prove this lemma, we first need the following result on limit functions
of holomorphic iterated function systems by Keen and Lakic [KL03, Theorem 1].
Lemma 2.3. Let X be a subdomain of the unit disc D. Then all limit functions
of any sequence of functions (Fn) of the form
Fn := fn ◦ fn−1 ◦ · · · ◦ f2 ◦ f1 for n ∈ N,
where fn : D→ X is a holomorphic function for all n ∈ N, are constant functions
in X if and only if X 6= D.
We now proceed to prove Lemma 2.2.
Proof of Lemma 2.2. Since f(Bn) ⊆ Cn+1 ⊆ Bn+1, the iterates of f on each set Bn
omit more than three points and hence, by Montel’s theorem, the sets {Bn}n∈N0
are all contained in F (f). For n ∈ N0, let Un denote the Fatou component of f
that contains Bn. We now show that the functions
Φk(z) := M
−k(fk(z)) for k ∈ N0,
form a normal family in Un for all n ∈ N0.
Suppose first that the Fatou components {Un}n∈N0 are not distinct. Then there
are two sets Bm and Bm+p with m ∈ N0 and p > 0 which lie in the same Fatou
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components Um = Um+p. Then, since fp(Bm) ⊆ Bm+p and Bn → ∞ as n → ∞,
Um must be periodic and in I(f), and hence a Baker domain.
Let zm ∈ Bm and let K be any compact connected subset of Um such that
K ⊇ Bm. Then by Baker’s distortion lemma (see [Mar16a, Lemma 6.2] or [Mar16b,
Lemma 2.22] for a proof of the version of this result that we use here), there exist
constants C(K) > 1 and n0 ∈ N0 such that
|fk(z)| 6 C(K)|fk(zm)| for z ∈ K, k > n0.
Since M , and hence M−k, is an affine transformation, M−k preserves the ratios of
distances, so
|Φk(z)| = |M−k(fk(z))| 6 C(K)|M−k(fk(zm))| = C(K)|z′m|
where z′m ∈ Bm satisfies Mk(z′m) = fk(zm). Hence the family {Φk}k∈N0 is locally
uniformly bounded on Um, and hence is normal on Um.
Suppose next that the Fatou components {Un}n∈N0 are disjoint. In this case we
consider the sequence of functions
ϕk(z) := M
−(k+1)(f(Mk(z))) for k ∈ N0,
which are defined on Un, for n ∈ N0. Then
Φk(z) = (ϕk−1 ◦ · · · ◦ ϕ1 ◦ ϕ0)(z) = M−k(fk(z)) for k ∈ N0. (2.2)
Since the Fatou components {Un}n∈N0 are pairwise disjoint and
fk(Un) ⊆ Un+k,
we deduce that
fk(Un) ∩Bn+k+1 = ∅
and hence
Φk(Un) ∩Bn+1 = ∅ for k, n ∈ N0.
Thus {Φk}k∈N0 is normal on each Un, by Montel’s theorem, as required.
Now take n ∈ N0, and let {Φkj}j∈N0 be a locally uniformly convergent subse-
quence of {Φk}k∈N0 on Bn. Note that
Mk(Bn) = Bn+k so f(Mk(Bn)) ⊆ Cn+k+1
and hence, for k ∈ N0,
ϕk(Bn) = M
−(k+1)(f(Mk(Bn))) ⊆M−(k+1)(Cn+k+1) = Cn.
We can now apply Lemma 2.3, after a Riemann mapping from Bn to the open unit
disc D, to deduce from (2.2) that there exists αn ∈ Bn such that, for all z ∈ Un,
Φkj(z)→ αn as j →∞.
To complete the proof that Un is bounded by ∂outAn for all n ∈ N, suppose to
the contrary that there is a point z0 ∈ ∂outAn that lies in Un for some n ∈ N. Let
γ ⊆ Un be a curve that joins z0 to a point z1 ∈ Bn. Since γ is compact, Φkj(γ)→ α
as j →∞ which contradicts the fact that fk(γ)∩ ∂outAn+k 6= ∅ for all k ∈ N (this
follows from the hypothesis that f(∂outAn) ⊆ (An+1 ∪ Bn+1)c for n ∈ N0). Thus,
∂Un ⊆ An for all n ∈ N, and so the proof is complete. 
We now use Lemma 2.2 to show that the function f from Example 2.1 has a
bounded wandering domain that escapes to infinity along the positive real axis.
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Proof of Example 2.1. The transcendental entire function g(z) = z + sin z has
superattracting fixed points at the odd multiples of pi. For n ∈ N0, take
Bn := D((2n+ 1)pi, r) and Cn := D((2n + 1)pi, r/2) for some r > 0 sufficiently
small that g(Bn) ⊆ Cn and put
Rn := {z ∈ C : |Re z − (2n+ 1)pi| 6 3pi/2, |Im z| 6 3}.
It follows from a straightforward computation that g(∂Rn) ⊆ Rcn for all n ∈ N0
(see Figure 3).
R0
g(R0)
•
pi
Figure 3. Rectangle R0 and its image under g(z) = z + sin z.
Then, by (2.1), there exists N ∈ N0 such that f(Bn) ⊆ Cn+1 and f(∂Rn) ⊆ Rcn+1
for all n > N . Thus, we can apply Lemma 2.2 to f with M(z) = z + 2pi and
An := Rn \Bn for n > N and conclude that the function f has wandering domains
Un that contain Bn and whose boundary is contained in Rn. 
The next lemma relates the wandering domains of a transcendental self-map
of C∗ and a lift of it.
Lemma 2.4. Let f be a transcendental self-map of C∗ and let f˜ be a lift of f . Then,
if U is a wandering domain of f , every component of exp−1(U) is a wandering
domain of f˜ which must be simply connected.
Proof. By a result of Bergweiler [Ber95], every component of exp−1(U) is a Fatou
component of f˜ . Let U0 be a component of exp−1(U) and suppose to the contrary
that there exist m,n ∈ N0, m 6= n, and a point z0 ∈ f˜m(U0)∩ f˜n(U0). Then, there
exists points z1, z2 ∈ U0 such that
fm(ez1) = exp f˜m(z1) = exp z0 = exp f˜
n(z2) = f
n(ez2).
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Since ez1 , ez2 ∈ U , this contradicts the assumption that U is a wandering domain
of f . Hence U0 is a wandering domain of f˜ .
Finally, by [Bak87, Theorem 1], the Fatou component U is either simply con-
nected or doubly connected and surrounds the origin. Since the exponential func-
tion is periodic, taking a suitable branch of the logarithm one can show that the
components of exp−1(U) are simply connected. 
Remark 2.5. Observe that the converse of Lemma 2.4 does not hold. If f is
a transcendental self-map of C∗ with an attracting fixed point z0 and A is the
immediate basin of attraction of z0, then there is a lift f˜ of f such that a component
of exp−1(A) is a wandering domain.
If a transcendental self-map of C∗ has an escaping wandering domain, then we
can use the previous lemma to obtain automatically an example of a transcendental
entire function with an escaping wandering domain.
Example 2.6. The transcendental entire function f˜(z) = z + sin ez
ez
+ 2pi
ez
, which
is a lift of the function f from Example 2.1, has infinitely many grand orbits of
bounded wandering domains that escape to infinity.
3. Explicit functions with Baker domains
We now turn our attention to Baker domains. As we mentioned in the intro-
duction, Baker domains can be classified into hyperbolic, simply parabolic and
doubly parabolic according to the Riemann surface U/f obtained by identifying
the points of the Baker domain U that belong to the same orbit under iteration
by the function f . König [Kön99] introduced the following notation.
Definition 3.1 (Conformal conjugacy). Let U ⊆ C be a domain and let f : U → U
be analytic. Then a domain V ⊆ U is absorbing (or fundamental) for f if V is
simply connected, f(V ) ⊆ V and for each compact set K ⊆ U , there exists
N = NK such that fN(K) ⊆ V . Let H := {z ∈ C : Re z > 0}. The triple
(V, φ, T ) is called a conformal conjugacy (or eventual conjugacy) of f in U if
(a) V is absorbing for f ;
(b) φ : U → Ω ∈ {H,C} is analytic and univalent in V ;
(c) T : Ω→ Ω is a bijection and φ(V ) is absorbing for T ;
(d) φ(f(z)) = T (φ(z)) for z ∈ U .
In this situation we write f ∼ T .
Observe that properties (b) and (d) imply that f is univalent in V . König also
provided the following geometrical characterization of the three types of Baker
domains [Kön99, Theorem 3]. This characterisation is also valid for any simply
connected Baker domain of a transcendental self-map of C∗.
Lemma 3.2. Let U be a p-periodic Baker domain of a meromorphic function f
in which fnp →∞ and on which fp has a conformal conjugacy. For z0 ∈ U , put
cn = cn(z0) :=
|f (n+1)p(z0)− fnp(z0)|
dist(fnp(z0), ∂U)
.
Then exactly one of the following cases holds:
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(a) U is hyperbolic and fp ∼ T (z) = λz with λ > 1, which is equivalent to
cn > c for z0 ∈ U, n ∈ N, where c = c(f) > 0.
(b) U is simply parabolic and fp ∼ T (z) = z ± i, which is equivalent to
lim inf
n→∞
cn > 0 for z0 ∈ U, but inf
z0∈U
lim sup
n→∞
cn = 0;
(c) U is doubly parabolic and fp ∼ T (z) = z + 1, which is equivalent to
lim
n→∞
cn = 0 for z0 ∈ U.
z + 1
C
z + i
HH
λz
(a) U hyperbolic (b) U simply parabolic (c) U doubly parabolic
Figure 4. Classification of Baker domains with their absorbing domains.
We now give a couple of explicit examples of transcendental self-maps of C∗,
with a hyperbolic and a doubly parabolic Baker domain, respectively.
Example 3.3. For every λ > 1, the function fλ(z) = λz exp(e−z + 1/z) is a
transcendental self-map of C∗ which has an invariant, simply connected, hyperbolic
Baker domain U ⊆ C∗ \ R− whose boundary contains both zero and infinity, and
the points in U escape to infinity (see Figure 5).
Proof of Example 3.3. First observe that
fλ(z) = λz exp
(
e−z + 1
z
)
= λz
(
1 + e−z + 1
2!
e−2z + · · · ) (1 + 1
z
+ 1
2!
1
z2
+ · · · )
= λz
(
1 +O
(
1
z
))
as Re z →∞.
(3.1)
Hence fλ maps HR := {z ∈ C : Re z > R} into itself, for R > 0 sufficiently large,
so HR ⊆ U , where U is an invariant Fatou component of fλ. Also, for real x > 0,
fλ(x) = λx exp
(
e−x + 1
x
)
> λx > x
so fnλ (x) → ∞ as n → ∞. Thus, U is an invariant Baker domain of f which
contains the positive real axis, so ∂U contains zero and infinity.
To show that U is a hyperbolic Baker domain, consider z0 ∈ U . By the con-
traction property of the hyperbolic metric in U , the orbit of z0 escapes to infinity
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in HR. Hence, by (3.1) and since 0 ∈ U c,
cn =
|fn+1(z0)− fn(z0)|
dist (fn(z0), ∂U)
>
λfn(z0)
(
1 +O
(
1
fn(z0)
))
− fn(z0)
|fn(z0)|
> λ− 1− O(1)|fn(z0)| as n→∞,
so
lim inf
n→∞
cn > λ− 1 > 0,
and thus the Baker domain U is hyperbolic.
Finally, observe that the negative real axis is invariant under f , and therefore
(−∞, 0)∩U = ∅. Since doubly connected Fatou components must surround zero,
U is simply connected. 
Figure 5. Phase space of the function f2(z) = 2z exp(e−z + 1/z)
from Example 3.3. On the right, zoom of a neighbourhood of zero.
The function f(z) = 2z exp(e−z+1/z) has a repelling fixed point in the negative
real line. If we choose h(z) = 1/z2 instead of 1/z, then f(z) = 2z exp(e−z + 1/z2)
has the positive real axis in a Baker domain while the negative real axis is in the
fast escaping set.
We now give a second explicit example of transcendental self-map of C∗ with a
Baker domain which, in this case, is doubly parabolic.
Example 3.4. The function f(z) = z exp ((e−z + 1)/z) is a transcendental self-
map of C∗ which has an invariant, simply connected, doubly parabolic Baker
domain U ⊆ C∗ \ R− whose boundary contains both zero and infinity, and the
points in U escape to infinity (see Figure 6).
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Proof of Example 3.4. Looking at the power series expansion of f , we have
f(z) = z exp
(
e−z
z
+ 1
z
)
= z
(
1 + e
−z
z
+ 1
2!
e−2z
z2
+ · · ·
) (
1 + 1
z
+ 1
2!
1
z2
+ · · · )
= z
(
1 + 1
z
+O
(
1
z2
))
as Re z →∞.
Therefore f maps the right half-plane HR := {z ∈ C : Re z > R} into itself
for sufficiently large values of R > 0 and HR is contained in an invariant Baker
domain U of f , in which Re fn(z)→ +∞ as n→∞. Since f(x) > x for all x > 0,
the positive real axis lies in U . Let z0 ∈ U , then
fn+1(z0)− fn(z0)=fn(z0)
(
1 +O
(
1
fn(z0)
))
− fn(z0)=O(1) as n→∞
and, if R is as above,
dist(fn(z0), ∂U) > Re fn(z0)−R as n→∞,
so
cn =
|fn+1(z0)− fn(z0)|
dist(fn(z0), ∂U)
6 O(1)
Re fn(z0)−R → 0 as n→∞.
Thus, by Lemma 3.2, the Baker domain U is doubly parabolic.
Finally, observe that, for x ∈ (−∞, 0), fn(x)→∞ along the negative real axis
as n→∞, so (−∞, 0) ∩ U = ∅ and hence U is simply connected. 
Figure 6. Phase space of the function f(z) = z exp ((e−z + 1)/z)
from Example 3.4. On the right, zoom of a neighbourhood of zero.
Lemma 3.5. Let f be a transcendental self-map of C∗ and let f˜ be a lift of f .
Then, if U is a Baker domain of f , every component Uk, k ∈ Z, of exp−1(U) is
either a (preimage of a) Baker domain or a wandering domain of f˜ . Moreover,
if U is simply connected and Uk is a Baker domain, then Uk is hyperbolic, simply
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parabolic or doubly parabolic if and only if U is hyperbolic, simply parabolic or
doubly parabolic, respectively.
Proof. By [Ber95], every component of exp−1(U) is a Fatou component of f˜ . More-
over, since exp−1(I(f)) ⊆ I(f˜), Uk is either a Baker domain, a preimage of a Baker
domain or an escaping wandering domain of f˜ .
Suppose that U has period p > 1 and Uk is periodic. Then the Baker domain
Uk has period q with p | q. Let (V, φ, T ) be a conformal conjugacy of f q in U .
Then (V˜ , φ˜, T ) is a conformal conjugacy of f˜ q in Uk, where V˜ is the component of
exp−1 V that lies in Uk and φ˜ = φ ◦ exp. Thus, the Baker domains U and Uk are
of the same type. 
As before, we use Lemma 3.5 to provide examples of transcendental entire func-
tions with Baker domains and wandering domains.
Example 3.6. The entire function f˜(z)=lnλ+z+exp(−ez)+e−z, which is a lift of
the function f from Example 3.3, has an invariant hyperbolic Baker domain that
contains the real line.
Example 3.7. The entire function f˜(z) = z + exp(−e
z)
ez
+ e−z, which is a lift of
the function f from Example 3.4, has an invariant doubly parabolic Baker domain
that contains the real line.
4. Preliminaries on approximation theory
In this section we state the results from approximation theory that will be used
in Sections 5 and 6 to construct examples of functions with wandering domains and
Baker domains, respectively. We follow the terminology from [Gai87, Chapter IV],
and introduce Weierstrass and Carleman sets. Recall that if F ⊆ C is a closed set,
then A(F ) denotes the set of continuous functions f : F → C that are holomorphic
in the interior of F .
Definition 4.1 (Weierstrass set). We say that a closed set F ⊆ C is a Weierstrass
set in C if each f ∈ A(F ) can be approximated by entire functions uniformly on
F ; that is, for every ε > 0, there is an entire function g for which
|f(z)− g(z)| < ε for all z ∈ F.
The next result is due to Arakelyan and provides a characterisation of Weier-
strass sets [Ara64]. In the case that F ⊆ C is compact and C\F is connected, then
it follows from Mergelyan’s theorem [Gai87, Theorem 1 on p. 97] that functions in
A(F ) can be uniformly approximated on F by polynomials.
Lemma 4.2 (Arakelyan’s theorem). A closed set F ⊆ C is a Weierstrass set if
and only if the following two conditions are satisfied:
(K1) Cˆ \ F is connected;
(K2) Cˆ \ F is locally connected at infinity.
If in addition both the set F and the function f ∈ A(f) are symmetric with
respect to the real line, then the approximating function g can be chosen to be
symmetric as well (see [Gau13, Section 2]).
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Sometimes we may want to approximate a function in A(f) so that the error is
bounded by a given strictly positive function ε : C→ R+ that is not constant, and
ε(z) may tend to zero as z →∞.
Definition 4.3 (Carleman set). We say that a closed set F ⊆ C is a Carleman set
in C if every function f ∈ A(F ) admits tangential approximation on F by entire
functions; that is, for every strictly positive function ε ∈ C(F ), there is an entire
function g for which
|f(z)− g(z)| < ε(z) for all z ∈ F.
It is clear that Carleman sets are a special case of Weierstrass sets and hence
conditions (K1) and (K2) are necessary. Nersesyan’s theorem gives sufficient con-
ditions for tangential approximation [Ner71].
Lemma 4.4 (Nersesyan’s theorem). A closed set F is a Carleman set in C if and
only if conditions (K1), (K2) and
(A) for every compact set K ⊆ C there exists a neighbourhood V of infinity in
Cˆ such that no component of intF intersects both K and V ,
are satisfied.
Note that there is also a symmetric version of this result: if the set F and the
functions f and ε are in addition symmetric with respect to R then the entire
function g can be chosen to be symmetric with respect to R [Gau13, Section 2].
In some cases, depending on the geometry of the set F and the decay of the error
function ε, we can perform tangential approximation on Weierstrass sets without
needing condition (A); the next result can be found in [Gai87, Corollary in p.162].
Lemma 4.5. Suppose F ⊆ C is a closed set satisfying conditions (K1) and (K2)
that lies in a sector
Wα := {z ∈ C : |arg z| 6 α/2},
for some 0 < α 6 2pi. Suppose ε˜(t) is a real function that is continuous and
positive for t > 0 and satisfies∫ +∞
1
t−(pi/α)−1 log ε˜(t)dt > −∞.
Then every function f ∈ A(F ) admits ε-approximation on the set F with ε(z) =
ε˜(|z|) for z ∈ F .
5. Construction of functions with wandering domains
To prove Theorem 1.1 we modify Baker’s construction of a holomorphic self-map
of C∗ with a wandering domain escaping to infinity [Bak87, Theorem 4] to create
instead a transcendental self-map of C∗ with a wandering domain that accumulates
to zero and to infinity according to a prescribed essential itinerary e ∈ {0,∞}N0
and with index n ∈ Z.
Proof of Theorem 1.1. We construct two entire functions g and h using Nersesyan’s
theorem so that the function f(z) = zn exp
(
g(z) + h(1/z)
)
, which is a transcen-
dental self-map of C∗, has the following properties:
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• there is a bi-infinite sequence of annuli sectors {Am}m∈Z\{0} that accumulate
at zero and infinity and integers s(m) ∈ Z\{0}, for m ∈ Z\{0}, such that
f(Am) ⊆ As(m) for all m ∈ Z;
• the discs B+ := D(2, 1/4) and B− := 1/B+ = D(32/63, 4/63) both map
strictly inside themselves under f , f(B+) ⊆ intB+ and f(B−) ⊆ intB−;
• there is a bi-infinite sequence of closed discs {Bm}m∈Z\{0} such that f(Bm) ⊆
intB+, if m > 0, and f(Bm) ⊆ intB−, if m < 0.
Here s(m) := pi(pi−1(m) + 1) and the map pi : N −→ Z \ {0} is an ordering of the
sets {Am}m∈N according to the sequence e; that is, pi(k) is the position of the kth
component in the orbit of the wandering domain. More formally, we define
pi(k) :=
{
#{` ∈ N0 : e` =∞ for ` < k}+ 1, if ek =∞,
−#{` ∈ N0 : e` = 0 for ` < k} − 1, if ek = 0,
(5.1)
for k ∈ N (see Figure 7).
... ...
B− B+ A1 A2 A3
A−1
A−2
B1 B2
B−1
|z| = 1
B−2
f
f
f
f
Figure 7. Sketch of the construction in the proof of Theorem 1.1.
By Montel’s theorem, the domains {Am}m∈Z\{0}, {Bm}m∈Z\{0} andB+, B− are all
contained in the Fatou set. Since f(B+) ⊆ intB+, the function f has an attracting
fixed point in B+ and the sets {Bm}m∈N are contained in the preimages of the
immediate basin of attraction of this fixed point. Likewise, the sets {B−m}m∈N
belong to the basin of attraction of an attracting fixed point in B−. Observe that
in order to show that A1 is contained in a wandering domain that escapes following
the essential itinerary e we need to prove that every Am is contained in a different
Fatou component.
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Now let us construct the entire functions g and h so that the function f(z) =
zn exp
(
g(z) +h(1/z)
)
has the properties stated above. Note that in this construc-
tion log z denotes the principal branch of the logarithm with −pi < arg z < pi. Let
0 < R < pi/2 and set, for m > 0, define
Am := {z ∈ C : −R 6 arg(z) 6 R, km 6 |z| 6 kme2R},
Bm := D
(
(km+1 − km)/2, 1/8
)
,
where km is any sequence of positive real numbers such that km> 5/2 and km+1 >
km + 1/4 for all m ∈ N. We define A−m := 1/Am and B−m := 1/Bm for all m ∈ N.
Note that logAm is a square of side 2R centred at a point that we denote by
am ∈ R. Hence, logAm contains the disc D(am, R) for all m ∈ Z \ {0}. The set
F := D(0, 1) ∪B+ ∪
⋃
m>0
(Am ∪Bm)
which consists of a countable union of disjoint compact sets is a Carleman set.
Let δ+, δ− > 0 be such that |w− ln 2|<δ+ and |w − ln 32/63|<δ− imply, respec-
tively, that |ew − 2| < 1/8 and |ew − 32/63| < 2/63. Let K := min{R/4, δ±/4}.
By Lemma 4.4, there is an entire function g that satisfies the following conditions:
|g(z)− as(m) − n log z| < R/4, if z ∈ Am with m > 0,
|g(z)− ln 2− n log z| < δ+/4, if z ∈
⋃
m>0
Bm ∪B+,
|g(z)| < K, if z ∈ D(0, 1),
Similarly, there is an entire function h that satisfies the following conditions:
|h(z)− as(−m) − n log(1/z)| < R/4, if z ∈ Am with m > 0,
|h(z)− ln 32/63− n log(1/z)| < δ−/4, if z ∈
⋃
m>0
Bm ∪B+,
|h(z)| < K, if z ∈ D(0, 1).
Therefore, since the sets B− and Am, m < 0, are contained in D(0, 1) and the
sets B+ and Am, m > 0, are contained in C \ D(0, 1), the function log f(z) =
g(z) + h(1/z) + n log z satisfies
| log f(z)− as(m)| < R/2, if z ∈ Am with m 6= 0,
| log f(z)− ln 2| < δ+/2, if z ∈
⋃
m>0
Bm ∪B+,
| log f(z)− ln 32/63| < δ−/2, if z ∈
⋃
m<0
Bm ∪B−,
and hence f has the required mapping properties.
Finally, note that this construction is symmetric with respect to the real line
and hence all Fatou components of f that intersect the real line will be symmetric
too. Thus, since transcendental self-maps of C∗ cannot have doubly connected
Fatou components that do not surround the origin [Bak87, Theorem 1], the Fatou
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components containing the sets {Am}m∈Z\{0} are pairwise disjoint and Api(0) is
contained in a wandering domain in Ie(f). 
6. Construction of functions with Baker domains
In this section we construct holomorphic self-maps of C∗ with Baker domains.
The construction is split into two cases: first, we deal with the cases that the
function f is a transcendental entire or meromorphic function, that is, f(z) =
zn exp(g(z)) where n ∈ Z and g is a non-constant entire function (see Theorem 6.3),
and then we deal with the case that the function f is a transcendental self-map
of C∗, that is, f(z) = zn exp(g(z) +h(1/z)) where n ∈ Z and g, h are non-constant
entire functions (see Theorem 1.2). For transcendental self-maps of C∗, we are able
to construct functions with Baker domains that have any given periodic essential
itinerary e ∈ {0,∞}N0 .
To that end, we use Lemma 4.5 to obtain entire functions g and, if necessary, h
so that the function f has a Baker domain. After this approximation process, the
resulting function f will behave as the function Tλ(z) = λz, λ > 1, in a certain
half-plane W . We first require the following result that estimates the asymptotic
distance between the boundaries of logW and log Tλ(W ) ⊆ logW .
Lemma 6.1. Let W = {z ∈ C : Re z > 2} and, for λ > 1, let Tλ(z) = λz.
For r > 0, let δ(r) denote the vertical distance between the curves ∂ logW and
∂ log Tλ(W ) ⊆ logW along the vertical line Vr := {z ∈ C : Re z = r}. Then
δ(r) ∼ 2(λ− 1)e−r as r → +∞.
Proof. Since log z = ln |z|+i arg(z), the quantity δ(r) equals the difference between
the arguments of the points z1, z2 with Im zk > 0, k ∈ {1, 2}, where the vertical
lines ∂W and ∂T (W ) intersect the circle expVr of radius er (see Figure 8).
log
er
2
z2
2λ
z1
rδ(r)
δ(r)
Figure 8. Definition of the function δ(r).
Since arg z1, arg z2 → pi/2 as r → +∞, we have
δ(r) = arccos
2
er
− arccos 2λ
er
∼
(
pi
2
− 2
er
)
−
(
pi
2
− 2λ
er
)
=
2(λ− 1)
er
,
as r → +∞, as required. 
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Given N ∈ N and a periodic sequence e = e0e1 · · · eN−1 ∈ {0,∞}N0 , let p, q ∈ N
denote
p = p(e) := #{k ∈ N0 : ek =∞ for k < N},
q = q(e) := #{k ∈ N0 : ek = 0 for k < N},
(6.1)
so that p + q = N . We want to construct a holomorphic function f : C∗ → C∗
with an N -cycle of Baker domains that has components U∞i , 0 6 i < p, and U0i ,
0 6 i < q, in which
fNn|U∞i →∞ and f
Nn
|U0i → 0 locally uniformly as n→∞.
In the case that zero is not an essential singularity of f , then q = 0 and N = p.
Note that the closure of a Baker domain in Cˆ may contain both zero and infinity.
For p ∈ N and X ⊆ C∗, we define
p
√
X := {z ∈ C∗ : zp ∈ X, |arg z| < pi/p}.
In order to construct a function with an N -periodic Baker domain that has p
components around zero or infinity, we will semiconjugate the function Tλ that we
want to approximate in the half-plane W by the pth root function:
W
Tλ // W
p
√
W
zp
OO
Tλ,p
// p
√
W.
zp
OO
Next we look at the effect of this semiconjugation on the function δ.
Lemma 6.2. Let W and Tλ, λ > 1, be as in Lemma 6.1. For p ∈ N and λ > 1,
define the function Tλ,p(z) := p
√
Tλ(zp) on
p
√
W and, for r > 0, let δp(r) denote
the vertical distance between the curves ∂ log p
√
W and ∂ log Tλ,p(
p
√
W ) ⊆ log p√W
along the vertical line Vr := {z ∈ C : Re z = r}. Then δp(r) ∼ 2(λ − 1)e−pr/p as
r → +∞.
Proof. The function z 7→ zp maps the circle of radius er to the circle of radius epr
while the function z 7→ p√z divides the argument of points on that circle by p, so
δp(r) =
δ(pr)
p
and hence, by Lemma 6.1, δp(r) ∼ 2(λ− 1)e−pr/p as r → +∞. 
In the following theorem we construct transcendental entire or meromorphic
functions that are self-maps of C∗ and have Baker domains in which points escape
to infinity. These functions are of the form f(z) = zn exp(g(z)) where n ∈ Z and
g is a non-constant entire function.
Theorem 6.3. For every N ∈ N and n ∈ Z, there exists a holomorphic self-
map f of C∗ with ind(f) = n that is a transcendental entire function, if n > 0,
or a transcendental meromorphic function, if n < 0, and has a cycle of hyperbolic
Baker domains of period N .
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Proof. Let ωN := e2pii/N and define
Vm := ω
m
N
N
√
W ⊆ C \ D for 0 6 m < N,
where W is the closed half-plane from Lemma 6.1. We denote by V the union of
all Vm for 0 6 m < N , and let R := R−, if N is odd, or R := {z ∈ C∗ : arg z =
pi(1− 1/N)}, if N is even. Then put
d := min{( N
√
2− 1)/3, dist(V,R)/4}, (6.2)
and define the closed connected set
B := {z ∈ C : dist (z, V ) > d and dist (z,R) > d}, (6.3)
which satisfies B′ := D(1, d) ⊆ intB (see Figure 9).
2pi
p B′
f
f
R
f
V0
V2
V1
B
f
Figure 9. Sketch of the construction in the proof of Theorem 6.3
with N=3. The sets B and Vm, 0 6 m < N , are shaded in grey.
Observe that the closed set F := B ∪ V satisfies the hypothesis of Lemma 4.5;
namely Cˆ \F is connected and Cˆ \F is locally connected at infinity, and F ⊆ Wα
with α = 2pi. We now define a function gˆ on F :
gˆ(z) :=
log
(
ωm+1N
N
√
λ(z/ωmN )
N
)
− n log z, for z ∈ Vm, 0 6 m < N,
−n log z, for z ∈ B,
(6.4)
where we have taken an analytic branch of the logarithm defined on C∗ \ R and
hence on F . Then gˆ ∈ A(F ).
For r > 0, we define the positive continuous function
ε(r) := min{d′, k−(N+1), r−(N+1)} (6.5)
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where the constant d′ > 0 is so small that |ez − 1| < d for |z| < d′ and the
constant k > 0 is so large that, for all z ∈ log Tλ(W ) with Re z < k, the disc
D(z, k−(N+1)) is compactly contained in logW and, moreover, if δN(r) is the func-
tion from Lemma 6.2, then
ε(r) < δN(ln(λr)) for r > k, (6.6)
which is possible since
δN(ln(λr)) ∼ 2(λ− 1)
NλNrN
as r → +∞.
Since ε satisfies∫ +∞
1
r−3/2 ln ε(r)dt = C − (N + 1)
∫ +∞
r′0
ln r
r3/2
dr > −∞
for some constants C ∈ R and r′0 > r0, by Lemma 4.5 (with α = 2pi), there is an
entire function g such that
|g(z)− gˆ(z)| < ε(|z|) for all z ∈ F. (6.7)
We put
f(z) := zn exp(g(z)) = zn exp(gˆ(z)) exp(g(z)− gˆ(z)). (6.8)
By Lemma 6.2 and (6.4-6.11), f(Vm) ⊆ Vm+1 for 0 6 m < N − 1 and f(VN−1) ⊆ V0
and, by (6.2-6.11), f(B) ⊆ D(1, d). Hence each set Vm is contained in an N -
periodic Fatou component Um for 0 6 m < N and B is contained in the immediate
basin of attraction of an attracting fixed point that lies in B′. It follows that the
Fatou components Um are all simply connected.
To conclude the proof of Theorem 6.3, it only remains to check that the Fatou
components Um, 0 6 m < N , are hyperbolic Baker domains. Due to symmetry, it
suffices to deal with the case m = 0. Let z0 ∈ U0. Since V0 ⊆ U0 is an absorbing
region, we can assume without loss of generality that z0 ∈ V0 and |z0| is sufficiently
large. For n ∈ N, let
n := g(f
n−1(z0))− gˆ(fn−1(z0))
which, by (6.11), satisfies
|n| < ε(|fn−1(z0)|) as n→∞.
For n ∈ N, define
Cn :=
∏
0<k6n
exp k = exp
∑
0<k6n
k,
which represents the quotient fn(z0)/
(
zn exp(gˆ(z0))
)
. Using the triangle inequal-
ity, we obtain
|Cn| 6 exp
∑
0<k6n
|k| < exp
∑
0<k6n
ε(|fk−1(z0)|). (6.9)
Next, we are going to show that |Cn| is bounded above for all n ∈ N. To that end,
we find a lower bound for |fk(z0)| for k ∈ N assuming, if necessary, that |z0| = r0
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is sufficiently large. Put K := ( N
√
λ − 1)/2 > 0. Then |C1| > 1/K for r0 > 0
sufficiently large and, by (6.8) and (6.4),
|f(z0)| = N
√
λ|z0||C1| >
N
√
λ
K
r0 = µr0,
with µ := N
√
λ/K > 1. Hence, by induction and the symmetry properties of the
sets Vm, 0 6 m < N ,
|fk(z0)| > µkr0 for k ∈ N. (6.10)
In particular, z0 ∈ I(f) so, by normality, the periodic Fatou components Um,
0 6 m < N , are Baker domains. We deduce by (6.9), (6.5) and (6.10) that
|Cn| < eS for all n ∈ N, where S < +∞ is the sum of the following geometric
series
S :=
∞∑
k=0
1
(µkr0)N+1
=
1
rN+10
∞∑
k=0
(
1
µN+1
)k
=
µN+1
rN+10 (µ
N+1 − 1) .
Next we use the characterisation of Lemma 3.2 to show that the Baker domains
are hyperbolic. For n ∈ N, define
cn = cn(z0) =
|f (n+1)N(z0)− fnN(z0)|
dist(fnN(z0), ∂U)
.
We have
fnN(z0) = CnN
N
√
λnNzN0 = CnNλ
nz0 for n ∈ N
and therefore
|f (n+1)N(z0)− fnN(z0)| ∼ C∞λn(λ− 1)|z0| as n→∞,
where C∞ := limn→∞Cn. Also, dist(fnN(z0), ∂U0) 6 eSλn|z0| and hence if c :=
(λ − 1)/2 > 0, we have cn(z0) > c for all n ∈ N. Thus, by Lemma 3.2, the Baker
domain U0 is hyperbolic. This completes the proof of Theorem 6.3. 
Finally we prove Theorem 1.2 in which we construct a function f that is a
transcendental self-map of C∗ with ind(f) = n that has a cycle of hyperbolic
Baker domains in Ie(f), where e is any prescribed periodic essential itinerary
e ∈ {0,∞}N0 .
Proof of Theorem 1.2. Let N ∈ N be the period of e and let p, q ∈ N0 denote,
respectively, the number of symbols 0 and ∞ in the sequence e0e1 . . . eN−1, where
p + q = N ; see (6.1). We modify the proof of Theorem 6.3 to obtain a transcen-
dental self-map of C∗ of the form
f(z) := zn exp(g(z)zN+1 + h(1/z)/zN+1)
that has a hyperbolic Baker domain U in Ie(f), where the entire functions g, h will
be constructed using approximation theory.
We start by defining a collection of p sets {V ∞m }06m<p, whose closure in Cˆ
contains infinity. Put ωp := e2pii/p once again and define
V ∞m := ω
m
p
p
√
W ⊆ C \D(0, ρ) for 0 6 m < p,
where W is the half-plane from Lemma 6.1 and ρ := 1 + ( N
√
2− 1)/6. We denote
by V∞ the union of all V ∞m , 0 6 m < p.
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As before, we define a set B∞ that will be contained in an immediate basin
of attraction of f and put R∞ = R−, if p is odd, or R∞ = {z ∈ C∗ : arg z =
pi(1− 1/p)}, if p is even. Then, let
d∞ := min{( N
√
2− 1)/6, dist(V∞, R∞)/4},
and define the closed connected set
B∞ := {z ∈ C : dist (z, V∞) > d∞ and dist (z, R∞) > d∞} \D(0, ρ),
which compactly contains the disc B′∞ := D((1 +
N
√
2)/2, ( N
√
2− 1)/6). Finally,
we define the disc D := D(0, 1/ρ), which is contained in D. We will construct
the function g by approximating it on the closed set F∞ := V∞ ∪ B∞ ∪D, which
satisfies the hypothesis of Lemma 4.5; namely Cˆ \ F∞ is connected and Cˆ \ F∞ is
locally connected at infinity, and F∞ ⊆ Wα with α = 2pi (see Figure 10).
B′∞
ff
f
V ∞0
R∞ D
V ∞2
V ∞1
B∞
f
Figure 10. Sketch of the construction of the entire function g in
the proof of Theorem 1.2 with e = ∞∞00∞. The sets D, B∞ and
V ∞m , 0 6 m < p, are shaded in grey.
Similarly, we define a set B0 and a collection of q unbounded sets {V 0m}06m<q
by using the same procedure as above, just replacing p by q, and then, if V0 is the
union of all V 0m, 0 6 m < q, we put F0 := V0 ∪ B0 ∪ D. The Fatou set of the
function f will contain all the sets V ∞m , 0 6 m < p, and all the sets V˜ 0m := 1/V 0m,
0 6 m < q, which are unbounded in C∗.
In order to define the functions gˆ ∈ A(F∞) and hˆ ∈ A(F0), we first introduce
some notation to describe how gˆ and hˆ map the components of V∞ and V0, re-
spectively; we use the same notation as in Theorem 1.1. Let pi : {0, . . . , N − 1} →
24 D. MARTÍ-PETE
{−q, . . . ,−1, 1, . . . , p} denote the function given by, for 0 6 k < N ,
pi(k) :=
{
#{` ∈ N0 : e` =∞ for ` < k}+ 1, if ek =∞,
−#{` ∈ N0 : e` = 0 for ` < k} − 1, if ek = 0.
The function pi is an ordering of the components of V∞ ∪ 1/V0 according to the
sequence e. Suppose that V is the starting component; that is, V = V˜ 00 , if e0 = 0,
and V = V ∞0 , if e0 =∞. Then
fk(V ) ⊆
{
V ∞pi(k), if pi(k) > 0,
V˜ 0−pi(k), if pi(k) < 0.
For m ∈ {−q, . . . ,−1, 1, . . . , p}, we define the function
s(m) := pi(pi−1(m) + 1 (mod N)),
which describes the image of the component V ∞m , if m > 0, and V˜ 0m, if m < 0,
so that the function f to be constructed has a Baker domain that has essential
itinerary e. More formally, for 0 6 m < p,
f(V ∞m ) ⊆
{
V ∞s(m), if s(m) > 0,
V˜ 0−s(m), if s(m) < 0;
and, for 0 6 m < q,
f(V˜ 0m) ⊆
{
V ∞s(−m), if s(−m) > 0,
V˜ 0−s(−m), if s(−m) < 0.
We now give the details of the construction of the entire function g from the
function gˆ ∈ A(F∞). For z ∈ V ∞m , 0 6 m < p, we put
gˆ(z) :=

(
log
(
ω
s(m)
p
p
√
λ(z/ωmp )
p
)
− n log z
)
/zN+1, if s(m) > 0,(
log
(
ω
s(m)
p / p
√
λ(z/ωmp )
p
)
− n log z
)
/zN+1, if s(m) < 0,
for z ∈ B∞, we put gˆ(z) := (log(1 + ( n
√
2− 1)/2)− n log z)/zN+1 and, for z ∈ D,
we put gˆ(z) := 0, where we have taken an analytic branch of the logarithm defined
on C∗ \ R∞ and hence on V∞ ∪ B∞ (see Figure 10). Then gˆ ∈ A(F∞). For r > 0,
we define the positive continuous function ε∞ by
ε∞(r) := min{d′∞, k−(N+1)∞ , r−(N+1)}/(2rN+1)
where the constant d′∞ > 0 is so small that |ez − 1| < d∞ for |z| < d′∞ and the
constant k∞ > 0 is so large that, for all z ∈ log Tλ(W ) with Re z < k∞, the
disc D(z, k−(N+1)∞ ) is compactly contained in logW and, moreover, if δN(r) is the
function from Lemma 6.2, then
ε∞(r) · 2rN+1 < δN(ln(λr)) for r > k∞,
which, as before, is possible since
δN(ln(λr)) ∼ 2(λ− 1)
NλNrN
as r → +∞.
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Since ε∞ satisfies ∫ +∞
1
r−3/2 ln ε∞(r)dt > −∞,
by Lemma 4.5 (with α = 2pi), there is an entire function g such that
|g(z)− gˆ(z)| <
{
ε∞(|z|) for z ∈ V∞ ∪B∞,
1/2 for z ∈ D. (6.11)
Similarly, we can construct an entire function h that approximates a function
hˆ ∈ A(F0) so that the function
f(z) := zn exp(g(z)zN+1 + h(1/z)/zN+1)
= zn exp(gˆ(z)zN+1) exp(hˆ(1/z)/zN+1)·
· exp((g(z)− gˆ(z))zN+1) exp((h(z)− hˆ(z))/zN+1)
has the desired properties. Observe that if z ∈ V∞ ∪ B∞, then 1/z ∈ D and if
1/z ∈ V0 ∪B0, then z ∈ D. Thus, hˆ(1/z) = 0 for z ∈ V∞ ∪B∞ and
|hˆ(1/z)/zN+1 + (g(z)− gˆ(z))zN+1 + (h(z)− hˆ(z))/zN+1| 6
6 0 + 1/(2|z|N+1) + 1/(2|z|N+1) = 1/|z|N+1
for z ∈ V∞ ∪B∞.
B′∞
f
f
V ∞0
V ∞2
V ∞1
B∞
ff f
B˜0
B˜′0
f
V˜ 01 V˜
0
0
f
Figure 11. Sketch of the construction of the function f in the proof
of Theorem 1.2 with e =∞∞00∞.
Finally, a similar argument to that in the proof of Theorem 6.3 shows that the
Fatou components that we have constructed are hyperbolic Baker domains; we
omit the details. 
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